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Abstracts. In modern conditions, the role of statistical methods and indicators that characterize the structure of a summa-

tion as a form of organization of a system consisting of individual elements and links between them is increasing. 
In the article, the statistical set of individual cost indices is considered for the first time as a system that has a functional 

and structural organization. 
Goal. To show that the competent use of the statistical summation as a system, carried out within the framework of the 

functional-structural approach, allows us to present the composite cost index as the intersection of sets of functional and structural 
attributes. 

Tasks. To achieve this goal have been resolved following tasks: identified functional and structural elements together; the 
composite index value is represented in a structural formula, the principle of strict deterministic relationship between functional and 
structural attributes; the choice of averaging of functional and structural attribute. 

Methodology. The paper uses traditional methods of mathematical analysis of sets, statistical methods, methods of opera-
tions research, generalization, systematization of statistical data, methods of decision theory. 

Results. It is proved that without taking into account the structural component, the intrinsic essence of the composite value 
index cannot be known. The possibility of a comprehensive assessment of the functional and structural organization of a set of cost 
indices as such is substantiated. It is shown that the organization of the summation will correspond to the state of Pareto  optimality 
when the estimates of the functional and structural components are equal. 

Conclusions. The closer the actual assessment of the organizational complexity of the aggregate to a state of Pareto opti-
mality, more harmonious, more perfect organization together, the qualitatively homogeneous itself the totality and the possibility of 
its interpretation for practical purposes. 

 
Key words: share index, structure change coefficient, element base diversity, functional and structural organization, group 

and intergroup relations, Pareto-optimality. 
 
Introduction. A statistical summation is a set of relatively homogeneous elements taken together within 

specific boundaries of time and space and possessing signs of similarity and difference. A statistical summation has 
certain properties: indecomposability (a statistical summation is always homogeneous in at least one attribute) and vari-
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ation (quantitative changes in the value of a statistical attribute when one of its elements passes into another). Between 
the functional and structural components of the organization of the aggregate, the principle of rigid deterministic pro-
portionality operates, reflecting the consistency of the goals of the functional and structural elements of the aggregate 
with its main goal - the formation of a composite value index. 

Assessing the complexity of organizing a composite cost index based on the Pareto-optimality principle makes 
it possible to determine the proximity of a set of individual cost indices to the optimal state. One of the relative charac-
teristics that take into account the structural changes that have occurred in the aggregate of values is the ratio of the 
shares of the elements of the aggregate, represented by the formula: 

                                                                (1) 
 

where   the share of the cost of an individual product ( ) in the total cost of the summation ( ) of 
the current period; 

  share of the cost of the same product ( ) in the total cost summation ( ) on the base 
period; 

  individual index of the cost of an individual product; 

  composite index of the value of the entire summation; 
  the index of the share (structural changes), which characterizes the relative change in the share of the value 

of an individual commodity in the aggregate in period "1" compared to period "0". 
Relation (1) has not found wide application either in statistical theory or in practice due to the fact that the 

analysis of structural changes using such a simple technique does not provide a comprehensive characteristic of struc-
tural changes in the studied summation, does not allow describing the phenomenon as a whole [6, p. 76]. Therefore, 
when studying structural changes, preference is given to indicators of absolute change in the proportion. Stochastic and 
vector approaches [4], coefficients of structural shifts by L. Kazinets [1], K. Gatev, A. Salai [2], V. Ryabtsev [3] and 
others [7] are well-known examples of calculating the absolute change in the proportion. 

In our opinion, the methodological potential inherent in formula (1) is much greater than one might imagine. 
Let's take a closer look at this. Composite index I_v, expressed in terms of fractions of elements of aggregates of value 
"0" of the period ) and of the period ( ), is defined as follows: 

 = =  

Assuming  = , we find  =   v0 j  v0 j =  

Then  

1)  = =  

But  = do j  

So,  = = v j  do j 

 2)  = = = 

=  =  

But  = d1 j  

So,  = =  

We denote do j =  , d1 j =  and get: 
                                                                                    (2) 

Let us transform formula (2) into a structural formula that shows the change in the "contribution" of individual 
elements and (or) groups of value aggregates to the formation of the composite index . 

                                                                                        (3) 

Since for the aggregates of the value of period "0" and period "1" the composite index is a constant value, then 
using formula (1), we can represent formula (3) in the form 

                                                        (4) 
or 
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                                                          (5) 
Formula (4) shows that the structure of the composite index  in estimates "0" of the period ( ) is com-

pletely determined by the structure of the aggregate of values in the period . 
Formula (5) shows that the structure of the composite index  in estimates "1" of the period ( ) absolutely 

adequate to the structure of the aggregate values in the "0" period . 
Therefore, between changes to the structure of the composite index  and changes in the structure of the ag-

gregate of values, there is a feedback, namely: if the share of any element of the aggregate of values in the "1" period 
compared to the "0" period changes n times, then the contribution of this element to the formation of the structure of the 
composite index  will change in  times. 

Based on this, formula (1) can be represented as 
                                                                                       (6) 

From here we find 
                                                                               (7) 

where   structural change ratio of the composite index , showing the level of difference of the structure 
of the composite index in the estimates of "1" period from the structure of the composite index in the estimates of "0" of 
the period. 

  - contribution of an element of a set of values to a structure  of a composite cost 
index. 

  contribution of an element of a set of values to a structure  of a composite cost 
index. 

As a result, we get 
                                                                       (8) 

From formula (8) it follows that the composite cost index, represented by modern index theory as a result of 
dividing the total sums of two sets of values  , can be defined for any data item of the aggregates or as the 
quotient of dividing the individual cost index  on the relative change in the share of this element in the aggregate val-
ues ; or as the product of the individual cost index by the coefficient , characterizing the relative change in the 
structure of the composite index itself. 

Hence, if the share of j-element in the aggregate values "1" of the period ( ) less than its share in the aggre-
gate values "0" of the period ( ), then the significance of this element in the structure of the composite index, ex-
pressed in estimates "1" of the period ( ), more than its share in the structure of the composite index, expressed 
in estimates of "0" period ( ).  

For we have an inverse relationship  .  
Thus, formula (8) reflects the principle of rigid deterministic proportionality inherent in any j-element set of 

cost indices. Principle emphasizing the need to align the goals of the elements of the summation ( ) with its main 
purpose ( ), as well as the need for a certain ratio between the parts of the whole . 

The revealed principle of proportionality allows us to consider the composite value index as a set of interrelat-
ed elements, united by the unity of goals and functional integrity. That is, as a system that has all the necessary features:  
the integrity and segmentation of the object, stable connections between the elements of the system ( ) and inte-
grative qualities inherent in the system as a whole, but not inherent in its elements separately (average values 

) [11, . 19-21]. 
Then we can talk about the functional and structural organization (organization) of the aggregate of the compo-

site index. Note that it is the issues related to the difference in the levels of the structural and functional organization of 
the studied systems, the criteria for their selection, consideration of connections, interactions and mutual transitions that 
occupy a central place in system analysis [11, p. 15]. 

By functional organization we mean a set of functions and connections between them. The functional organiza-
tion of the composite index, represented by many individual indices , reflects the purpose of the system, what it is for. 
This organization is the most essential characteristic of the system, for the concept of function is closest to the concept 
of the goal, for the sake of which the system is created. 

By structural organization we mean a general idea of the shape, location and number of parts of the system and 
their interconnections. Structural organization of the composite index, represented by many individual indexes 

, characterizes the invariant aspect of the composition of the system and represents the stable ordering of its 
elements and connections between them. 

The functional and structural organization of the system influence each other and are in such a dialectical rela-
tionship that it is difficult to establish a one-to-one correspondence between the functions being implemented and the 
structure of the system. For example, from the standpoint of the structural-functional approach to the creation (analysis) 
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of systems existing in the theory of systems, the primacy of the structural aspect of organization is assumed in the sense 
that in its absence the system disappears. On the other hand, the functional-structural approach, on the contrary, is based 
on the assumption that the functional purpose of the system is primary in relation to its structural organization [11, p. 
49-51]. 

The authors adhere to the latter point of view: in the relationship between function and structure, the leading 
role is assigned to the function (functional organization), and the structure (structural organization) is transformed, mod-
ified in accordance with the implemented functions, while remaining unchanged (in terms of the composition of the 
system) in relation to any internal transformations. In this case, the main emphasis, as it should be in the systemic ap-
proach, is made on the integrative properties of the object and its integrity; identifying the variety of connections and 
relationships between individual elements of the object, their group and intergroup relationships. 

At least three fundamental properties of this aggregate follow from the principle of proportionality characteris-
tic of the aggregate of the composite value index of any level of the structural and functional organization: 

If the composite value index is more (less) than one, then for all members of a given summation, without ex-
ception, the individual functional index (value index) will be more (less) than the corresponding individual structural 
index (share index), that is, at  we always have ; at  , on the contrary, we have ; 

1. If in a given set at least one individual functional index of value is greater (less) than the corresponding indi-
vidual structural index of the share, then this inequality will, without exception, be inherent in the rest of the individual 
indexes of value and the corresponding individual indexes of the share; as well as the fact that the composite index of 
the summation will be more (less) than one. That is, if , so ,  and . If 

, so ,   and ; 
2. If one individual functional value index is greater than the corresponding individual structural share index, 

for example, , and the other individual functional value index is less than the corresponding individual struc-
tural share index, for example, , then these indices belong either to different groups of the same summation 
and we are dealing with group indices, or the indices belong to different collections. 

Consequently, the principle of proportionality inherent in formula (8) makes it possible to "philosophically" 
perceive the set of value indices as a set of unity (in the form of a composite value index) and diversity (in the form of 
individual functional value indices and structural share indexes), which are internally and inextricably linked between 
themselves. 

 Based on formula (8), we represent the variety of the element base of the set of functional cost indices in the 
form of a system of equations 

 

Then the average functional cost index  for a given summation can be determined by the geometric mean 
simple formula as 

  
where   geometric simple mean of the structural index of the proportion. 

Hence we get 

                                                   (9) 

Thus, the diversity of the element base of the set of functional value indices and structural share indices is re-
flected in the presentation of the composite index in the form of a generalizing formula for the geometric mean. 

 Selecting a geometric mean formula for calculating values ,  and  dictated by two fundamental consid-
erations. First, formula (9) can be represented as follows: 

                                                           (10) 

value, it is necessary to keep the product of individual 
[5, p. 77]. 

Secondly, the calculation methods based on the geometric mean formula reflect a higher stability in relation to 
errors [4, p. 62]. 

If we now arbitrarily group the set of functional (individual) cost indices, highlighting in it k-th number of 
groups with m elements in each group, then the summary index of the summation  can be represented as the geometric 
mean weighted from the geometric mean group value indices. 

For example, we have a set of cost indices, numbering seven elements (n=7). The summation is divided into 
groups A and B (k=2). Group A consists of two elements ( ). Group B consists of five elements ( ). Then 
we get 

 composite index of the summation equal to  



  

22    
 

 

 group indices of the summation equal 

 

 

In group indices  and , along with functional changes in value, intra-group structural changes are also re-
flected ( ), occurred in a single group. Intergroup connections and interdependencies natu-

rally arise between groups ( ), which should be properly considered when calculating . 
Based on the principle of proportionality, it is possible to calculate an individual functional value index, ex-

pressed either through a composite index ( ), either through the group index ( ). hen 
. From this identity we obtain 

 
where   the relative change in the share of the group in the total summation, characterizing intergroup structural 
changes. 

Note that the value  may be less (more) one. Then, for this group, the individual functional cost 

indices  there will be fewer (more) individual structural indices . Simultaneously for the whole summation  
may be more (less) one, and then in the volume of the entire summation, individual functional indices  there will be 
more (less) individual structural indices . Such a change in proportions is precisely due to the actions of intergroup 
connections. 

From expression  define that 

                                                                             (11) 

Let's represent group indices  and  as 

 

 

Then we get the final formula of the composite cost index for the considered example 

, 

that is, the formula for the geometric weighted average of the group average cost indices. 
In general: 

 for non-grouped summations, the composite value index is calculated as the geometric mean simple from the 
ratios of individual functional value indexes to individual structural indexes of shares 

                                                                               (12) 

 for grouped summations, the composite value index is calculated as the geometric weighted average of the 
ratios of the average group functional value indexes to the average group structural indexes of shares 

                                      (13) 
From formulas (12) and (13) it follows that 

 

 

Then formula (13) can be represented as 

 
(14) 
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where   the aggregate average group value index. 
Like the integral coefficients of Salai and Gatev, formula (13) takes into account the size of the summation (n), 

the number of selected groups (k), the size of each group (m), the contribution of each group to the formation of the 
studied trait .  

But unlike the coefficients of Salai, Gatev and others, which do not link structural differences with the final re-
sult, the indicator of the average share ( ) together with the functional average cost index ( ) in formula (13) allow us 
to determine the generalized level of influence of each of these two factors on the change in the final result, represented 
by the composite cost index ( ).  

According to the authors, formulas (12) and (13) are as important as the formula , expressing in 
modern index theory the conceptual principle of factor reversibility, according to which the product of a given index of 
quantities ( ) and the original price index ( ) should be equal to the change in value ( ) considered unit [8, p.10]. 

This statement, firstly, is based on the law of classical logic of Aristotle: the own essence (essence) of a phe-
nomenon is inversely proportional to the volume of the concept of this phenomenon [9, p.113-115], that is  

where H  the logical essence of a set, which characterizes classes of objects or properties that are homogene-
ous in a certain respect and is a semantic synthesis of the laws of logic, the rules for the functioning of a set and its ele-
ments that form the functional of the existence of a set; 

 J is a measure of the element base of the aggregate reflected in the consciousness, characterizing the number 
of its elements of interest to the researcher from the point of view of the research goal; 

 n is the volume of the concept of the summation (the number of elements in the summation). 
Hence it follows if , , so , where d  the share of an element or a group of elements 

in the total volume of the summation that interests the researcher. This means that without taking into account the struc-
tural component, the intrinsic essence of the aggregate of the composite value index cannot be cognized. 

Second, the importance of taking structural changes into account in the decomposition of the composite value 
index lies not only in determining the contribution of the factor  in the formation of a consolidated cost index , but 
also in the possibility of a comprehensive assessment of the functional and structural organization of the aggregate of 
the composite value index as such. 

The point is that for , according to formula (8) represented by the expression , the 
growth of one of the factors as a result of any changes in period "1" in comparison with period "0" is compensated by 
an equivalent decrease in the other factor. Let's represent the value of the pivot index 

 as a set , consists of dotes ( ). 
This set can be considered as a Pareto set [12, p.120-121], that is, as a set of equally preferred options for 

achieving a result by various combinations of factors, in which an increase (decrease) in one coordinate, for example, 
 (as abscissas) entails decreasing (increasing) another coordinate  (as ordinates) without changing the final result 

 . 
On the flat  a set , according to [10, p.75], it is visualized as a graph of an isosceles hyperbola. 

This graph at the point  of a set  is intersected by a ray , originating from the origin 
and representing a given diameter of the hyperbola. The beam is characterized by an attitude , which sets the 
angle of inclination of the beam to the axes  and  and is the vector of the gradient of the steepest increase of the 
function   

Among many rays  there is one single ray in which the value of one of the factors cannot be 
 will charac-

terize the state of Pareto optimality. 
Obviously, such a state is possible if and only if the straight line  is the direction of the global extre-

mum of the function . The direction in which or when  
 (fig.1). 
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Fig. 1. Field of gradients of the spatial function . 

 
This is indeed so due to the fact that  and   the essence of different combinations of the same initial values 

, and also due to the fact that  and  - dimensionless relative quantities that have the same scale of 
calculation. 

Any deviation from the ray , for example, right and down leads to growth  and decrease . Converse-
ly, the deviation to the left and upward from the ray  causes a decrease in  and an increase in .  

It happens that the transition from one point of the set  m-
this case, the transition leads to an improvement in the Pareto situa-

tion (see point  on fig. 2). 
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Fig. 2. Change in the state of Pareto optimality 

 
Therefore, if , then the state of Pareto optimality has been reached for the entire aggre-

gate of the composite cost index. In other words, we can say that a necessary condition for achieving the Pareto opti-
mality situation is the condition according to which . 

A sufficient condition for achieving Pareto optimality is a situation in which . 
From an information and content point of view, the meaning of the indicator r, expressed through the ratio of 

the means  in accordance with [9, p.120] is as follows. This relationship is represented in the form 

, is a pragmatic essence ( ) of a summation of composite value indices, defined by the product of 

the sensuous entity about the means to an end ( ) and the logical entity about the means of achieving the goal per unit 
of information about the main goal, the result ( ). Then the attitude  can be interpreted as an integral as-
sessment of the functional  and structural  the complexity of the aggregate of the composite cost index, or as an 
estimate of the organizational complexity of the aggregate. 

If the assessment of the organizational complexity of the composite cost index summation is greater than one, 
that is  then in the aggregate, the functional organization prevails over the structural organization. I., respectively, 
if the assessment of organizational complexity is expressed by the inequality then the structural organization of 
the aggregate of the composite value index dominates over the functional organization. 

It may seem that from the standpoint of the functional and structural approach, it is preferable when  that 
is, when function dominates structure. However, it is not. As can be clearly seen in Fig. 1, the field of gradients of the 
spatial function tends towards the point [11], at which the global extremum of this function is reached. 

This implies that if the assessment of the organizational complexity of the summation is equal to one, that is 
, then the aggregate of the composite value index has Pareto-optimality and cannot be improved in this state. 

Thus, it can be argued that the condition  is that normalized-preferable condition with which the actual 
values of the assessment of the organizational complexity of the summation should be compared. The closer the actual 
values  to the normalized value , the closer the functional and structural organization of the aggregate of the 
composite value index is to the state of Pareto optimality. 
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