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Annomayusn. Chepuneckue pynxyuu npeocmasnsiom coboii yenoeyio Hacme cemMeticmea Opmo2oHanbHbix peutenuii ypae-
nenus Jlannaca, sanucannyio ¢ cpepuneckux koopounamax. Henonvzosanue smux QyHkyuii 00Cmamouno pasnoobpasio, onu ume-
10m Gonvuloe 3Hauenue 6 meopun OugheperyuanbHbIX YPASHEH U ¢ YACIMHBIX NPOUSEOOHBIX U INEOPEMUUECKOT PusUKe.

Mamepuanst u memood, pe3yiomamol 4 06cyxHcoeHus. B cmamve 0okazvieaemcs Opmo2oHaIbHOCb U ROTHOMA CUCTNEMbL
cpepuuecrux Gynryuii euoa (4). Chepudeckumu GyHKYUAMU HazLISAIOM CeyUabible QYHKYUU 0OHO20 NEPEMEHHO20, AGAIOWUe-
ca peutenuamu Ouddepenyuanvrvix YpasHenuil, HOMYUAWUXCA NPU NPUMERHEHUN MeTNOOQ PA30eNeHus NePEMEHHbIX Ol YPAGHEHUA
Jannaca, sanucannozo ¢ ceputieckux xoopounamax. Aemopamu paccmMampusaemca pasioxcenue cepuueckoil QyHkyuu, umero-
weti HenpepvigHbvle eMopbvie Npouzeoonsie ¢ pad Pypve. B npoyecce maxozo pasnoxcenus UCHOMb3Yemes Onepamop chepuueckux
@ynkyuil, Oanee NPUMEHACINC METNOO UHME2PUPOSAHUA RO YACHAM HA NogepxHocmu cghepol. 3anucanvt popmynvt I puna ona one-
pamopa cepuieckux GyHrYuil, AHAIU3 NOTVIEHHBIX PE3VILIMAMOE OOKAZbIEALI OPIMOLOHATLHOCMY chepudeckux Qyuryui. Bno-
credemeuu, paccmampueas koagguyuenmor paca Pypve, Kax Henpepvishvie QYHKYUU U, OOKAZLIBASL BOSMONCHOCTID PABHOMEPHOIL
ANAPOKCUMAY UL TUHETHDIMU KOMOUHAYUAMY NPUCOeOUREHHBIX (QYRKYUl 110608 0sasncovt Ouddepenyupyemoir pyuxyuu (0, @),
Ookasvigaemesa HOTHOMA cUcIneMbl QYHKYUil, onpedensemvix Gopmyaoi (4).

3akntouenue. B pesynvmame ucciedo8anusn eblACHUIOCH, MO JHOOYVIO HENPePbiGHYI0 PYHKYUIO MONCHO PAGHOMEPHO an-
APOKCUMUPOBANL HOTUHOMOM Chepuieckux Qynryutl, Ymo 1 OOKA3bIeaem NOTHOMY CUCTNEMbI PYHKYUH, OnpedensemMbix GopMmyoi
(4). H3 nonnomel 2moii cucmemvi ciedyem eé samknymocmo. Taxum o6pazom, OOKA3aHO, YUMo ypagHenue cepuieckux Gyuxyuil ne
umeem ozpanudennvix pewienuii npu A = n(n + 1) u umo ecaxan cepuvecxaa Gynxyua n-2o nopaoka (npu A = n(n + 1)) npeo-
cmaeuma Ppopmynoii (3).

KmroueBrle citoBa: cdeprieckie GyHKIMI, OPTOTOHATILHOCTS U TTOMHOTA cepriecKiX GYHKINH, ceprieckas rapMOHUKA.

Abstract. Surface harmonics represent the angular part of the family of orthogonal solutions of the Laplace equation, writ-
ten in spherical coordinates. The use of these functions is quite diverse, they are of great importance in the theory of differential
equations in partial derivatives and theoretical physics.

Materials and method, results and discussions. The article proves the orthogonality and completeness of a system of sur-
face harmonics of the form (4). Surface harmonics are special functions of one variable that are solutions of differential equations
obtained by applying the method of separation of variables for the Laplace equation written in spherical coordinates. The authors
consider the decomposition of a surface harmonics having continuous second derivatives in a Fourier series. In the process of such
decomposition, the operator of spherical functions is used, then the method of integration by parts on the surface of the sphere is
used. Green's formulas for the operator of surface harmonics are written, an analysis of the obtained results proves the orthogonality
of spherical functions. Subsequently, considering the coefficients of the Fourier series as continuous functions and proving the possi-
bility of uniform approximation by linear combinations of the adjoint functions of any twice differentiable function f(8,¢), and the
completeness of the system of functions defined by formula (4) is proved.

Conclusion As a result of the study, it turned out that any continuous function can be uniformly approximated by a poly-
nomial of surface harmonics, which proves the completeness of the system of functions defined by formula (4). From the complete-
ness of this system follows its isolation. Thus, it is proved that the equation of surface harmonics does not have bounded solutions
for A = n(n + 1) and that any surface harmonics of the n-th order (for A = n(n + 1)) is representable by formula (5).

Key words: surface harmonics, orthogonality and completeness of surface harmonics.

Introduction. Let us write a system of n-th order surface harmonics. Let us agree to assign a negative super-
script to those functions that contain cos(k¢), and a positive one to those functions that contain sin(k¢). Then we will
have:

(k=1,2,..,n). 4

The number of different n-th order surface harmonics Yn(m) is2n + 1 . Linear combination of these 2n + 1 sur-
face harmonics (4)

Ya(8,9) = Lo(AnmC0SM@ + Bumsinme) P™ ()
or
Y0 (8,9) = Ehe n Cn¥a™ (6, 9),
A <0,. . . . .
where C,,,,, = {B:Z;Z::: ; 0,18 also a spherical function and is called a surface harmonic [3].
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Materials and methods. Let us prove the completeness of the system of surface harmonics defined by formula
(4). First, let us prove that any function f (8, ¢)with continuous second derivatives can be uniformly approximated by
some polynomial of surface harmonics.
Consider the expansion of such a function in a Fourier series
f(8,9) = Lr-olAm (&) cosme + B, (0)sinmg].

139 1 92
Bo.0= 7a 30 (sme 09) t e 02
It is easy to see that we get the formula
Moy, | _1 o 3%
II; Yo ptrd =~ Jf; {09 20+ sm29 00 90 } a ©)
(d2 = sinBdOde),

easily obtained by integration by parts.

On the surface of a sphere
1 0u i

sing 08 ‘g’
— A(P
divA = @[ (sinfAy) + —
so that Ag ,u = granu, and formula (9) can be written in the form
JI, Y2AY,d0 =~ [[, gradY, - gradY, -da.

Changing places in the formula (9) functions Y; u Y, and subtracting the resulting formula from formula (9),
we will have:

gradu = % g +—

/= ﬂz {Y2A9,¢Y1 - Y1A9,¢Y2}d~(2 =0 (10)

Pesynbrarsl n odcyxaenns. Formulas (9) and (10) are Green's formulas for the operator of surface harmon-

ics. The orthogonality of the functions Y, and Y,. easily follows from formula (10). Indeed, using equation (8), we
obtain from formula (10)

J=0@;-1) ﬂz nY,d2 =0,

J‘J‘ Y1 YZ dan =20
X

ST T (8,0) Y2 (8, 0)sin8dode = 0.
This proves the orthogonality of surface harmonics corresponding to different A
Above, we obtained for 1 = n(n + 1) a system of 2n + surface harmonics of the n-th order. Let us prove that
these surface harmonics are orthogonal to each other on the sphere.

whence, for 4, # A,

or

Let Yn(kl) and Yn(kZ) be two surface harmonics. By integrating their products and using them, we get:
Iy WP E2dn = 77 [T 1500, 0) - Y90, p)singdode=

2 T
f cosk,pcosk,pdp f Pn(kl) (cosQ)Pn(kZ) (cosB)sinfdo =
0 0

Using the boundedness of the second derivative, it is easy to estimate the coefficients 4,, u B, of this decom-
position
|47 < 5 1Bl <

where M = max|f,|.
Hence it follows that the remainder of the Fourier series satisfies the uniform estimate
If = T o[Am (B)cosme + B, (8)sinme]| = |R,, | < 2M Ton- cmo s < € (11)
where &' > 0 — any predetermined number.
Based on the closedness properties of the system of associated functions [4], the Fourier coefficients A,,(8)
andB,,, (8), which are continuous functions of 6, vanishing at 6 equal to 0 and 7, can be uniformly approximated by lin-
ear combinations of associated m-th order functions.

|4, (8) — Biso aP™ (co50)| < ., [B(8) — Lo by PA™ (cos0)| < ——. (12)
Then from inequalities (11) and (12) it will follow.
Mo n

£(8,9) — Z Z [akPk(m) (cos8)cosmb + kak(m) (cos@)sinm8]| < 2¢’
m=0 k=0
This proves the possibility of uniform approximation of any twice differentiable function f{0,¢) by a polynomi-
al of spherical functions.
Conclusion. Any continuous function can be uniformly approximated by a polynomial of surface harmonics,
which proves the completeness of the system of functions defined by formula (4). The completeness of this system im-
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plies that it is closed. Thus, we have proved that the equation of surface harmonics has no bounded solutions for
A # n(n + 1D)and that any n-th-order surface harmonics (for A = n(n + 1)) can be represented by formula (5). Obvi-
ously, the surface harmonics are the values of the surface harmonics (6) and (7) on the sphere of radius one.
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