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Abstract. Surface harmonics represent the angular part of the family of orthogonal solutions of the Laplace equation, writ-

ten in spherical coordinates. The use of these functions is quite diverse, they are of great importance in the theory of differential 
equations in partial derivatives and theoretical physics. 

Materials and method, results and discussions. The article proves the orthogonality and completeness of a system of sur-
face harmonics of the form (4). Surface harmonics are special functions of one variable that are solutions of differential equations 
obtained by applying the method of separation of variables for the Laplace equation written in spherical coordinates. The authors 
consider the decomposition of a surface harmonics having continuous second derivatives in a Fourier series. In the process of such 
decomposition, the operator of spherical functions is used, then the method of integration by parts on the surface of the sphere is 
used. Green's formulas for the operator of surface harmonics are written, an analysis of the obtained results proves the orthogonality 
of spherical functions. Subsequently, considering the coefficients of the Fourier series as continuous functions and proving the possi-
bility of uniform approximation by linear combinations of the adjoint functions of any twice differentiable function , and the 
completeness of the system of functions defined by formula (4) is proved. 

Conclusion As a result of the study, it turned out that any continuous function can be uniformly approximated by a poly-
nomial of surface harmonics, which proves the completeness of the system of functions defined by formula (4). From the complete-
ness of this system follows its isolation. Thus, it is proved that the equation of surface harmonics does not have bounded solutions 
for  and that any surface harmonics of the n-th order (for ) is representable by formula (5). 
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Introduction. Let us write a system of n-th order surface harmonics. Let us agree to assign a negative super-

script to those functions that contain , and a positive one to those functions that contain . Then we will 
have: 

.                                                                                              (4) 
The number of different n-th order surface harmonics  is  . Linear combination of these 2n + 1 sur-

face harmonics (4) 
                                                            (5) 

or 
, 

where  is also a spherical function and is called a surface harmonic [3]. 
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Materials and methods. Let us prove the completeness of the system of surface harmonics defined by formula 
(4). First, let us prove that any function with continuous second derivatives can be uniformly approximated by 
some polynomial of surface harmonics. 

Consider the expansion of such a function in a Fourier series 
. 

. 
It is easy to see that we get the formula 

                                                 (9) 
, 

easily obtained by integration by parts. 
On the surface of a sphere 

, 

, 
so that , and formula (9) can be written in the form 

. 
Changing places in the formula (9) functions    and subtracting the resulting formula from formula (9), 

we will have: 
                                                                    (10) 

  . Formulas (9) and (10) are Green's formulas for the operator of surface harmon-
ics.   and . easily follows from formula (10). Indeed, using equation (8), we 
obtain from formula (10) 

, 
whence, for  

 

or  
. 

This proves the orthogonality of surface harmonics corresponding to different   
Above, we obtained for  a system of  surface harmonics of the n-th order. Let us prove that 

these surface harmonics are orthogonal to each other on the sphere. 
Let  and  be two surface harmonics. By integrating their products and using them, we get: 

= 

 

Using the boundedness of the second derivative, it is easy to estimate the coefficients    of this decom-
position 

, , 
where . 

Hence it follows that the remainder of the Fourier series satisfies the uniform estimate  
 ,                           (11) 

where   any predetermined number. 
Based on the closedness properties of the system of associated functions [4], the Fourier coefficients  

and , which are continuous functions of , vanishing at  equal to 0 and , can be uniformly approximated by lin-
ear combinations of associated m-th order functions. 

, .                       (12) 
Then from inequalities (11) and (12) it will follow: 

 

This proves the possibility of uniform approximation of any twice differentiable function f( , ) by a polynomi-
al of spherical functions. 

Conclusion. Any continuous function can be uniformly approximated by a polynomial of surface harmonics, 
which proves the completeness of the system of functions defined by formula (4). The completeness of this system im-
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plies that it is closed. Thus, we have proved that the equation of surface harmonics has no bounded solutions for 
and that any n-th-order surface harmonics (for ) can be represented by formula (5). Obvi-

ously, the surface harmonics are the values of the surface harmonics (6) and (7) on the sphere of radius one. 
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