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THE DYNAMICS CONTROL OF THE RIGID WING UAV BY THE EXAMPLE
OF USING LQR, LQG AND NONLINEAR CONTROL METHODS
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Annomauus. Manozabapummnote 6ecnunomnvie nemamenvhvie annapamvt (BIIVIA) ¢ pukcuposantvim Kpoinomcmany nony-
JIAPHOLL meMoti UCCned08aHull 6 nocseoHue 200bL.

Mamepuanvi, memoOvl, pesynvmamot u 06cyscdenus. Lienv cmamou npedcmasump cpasHumenvHoe uccnedo8anue mexoy
nuHeiiHvm kéadpamuurvim pezynsmopom (LQR), numesinoim keadpamuunvim eayccosvim peeynamopom (LQG) u Henuneiinvimu memo-
damu ynpaeneHus 6ecnunomuozo nemamenvHozo annapama ¢ puxcuposanom kpoiiom (BIIIA) Ona cmabunusayuy yena maneaxa.
O6ocrHosanuem 6vi6opa memoda LQR cman docmamouno npocmas npouedypa CUHmMe3a u 6bicoKas yCmotiMueocmy pesynvmupyoueti
cucmemot. O6ocrosanuem 6vi6opa LQG cmana Heobxo0umocmy npeodoneéamp 6HeuHUe B03MYUEHUST, MAKUEKAK HANPUMED Nopblebl
sempa. B cmamve maxowe paccmampueaemces punvmp Kanmara 0ns co30aHus cucmemvl ynpasnieHus nonemom 6echuiomnozo rema-
menvHo20 annapama. B koHue cmamvi nPUBOOUMCS Pe3ynbmamyl MOOETUPOBAHUS 3AMKHYAS CUCEMA C NOTYHEHHbIMU 3aKOHAMU
ynpaenenus 6 cpede Matlab / Simulink.

3axniouenue. [Tonyuennvie pe3ynomamyt CPABHUBAIOMCH, 4M0ObL y6UOeMb, KAKOL Memo0 A6/emcs 6onee Gbicmpuim, yCmoti-
4UBbLIM U 60716 HAOCHHDIM.

Kmiouesbie cnosa: BITJIA ¢ pukcupoBaHHBIM KpbUIOM, yipasienne LQR, ynpasnenne LQG, ¢puinbrp Kanmana, HenmmHeitHOe
yIpaB/ieHMe.

Abstract. Small-sized fixed-wing unmanned aerial vehicles (UAVs) have become a popular research topic in recent years.

Materials, methods, results and discussions. The purpose of the article is to present a comparative study between the linear
quadratic regulator (LQR), linear quadratic Gaussian regulator (LQG) and nonlinear control methods of a fixed-wing unmanned aerial
vehicle (UAV) to stabilize the pitch angle. The rationale for the choice of the LQR method was a fairly simple synthesis procedure and high
stability of the resulting system. The rationale for the choice of LQG was the need to overcome external disturbances, such as gusts of wind.
The article also discusses the Kalman filter to create a flight control system of an unmanned aerial vehicle. At the end of the paper we
present simulation results of the closed-loop system with the obtained control laws in the environment of Matlab / Simulink.

Conclusion. The results are compared to see which method is faster, more stable, and more reliable.

Key words: fixed wing UAVs, LQR control, LQG control, Kalman filter, nonlinear control.

Introduction. Fixed-wing Unmanned Aerial Vehicles (UAVs) have become a popular research topic in the last
years. They are very different from conventional quadcopters. Unlike quadcopters, they are not able to take off vertically
into the air, but instead require a runway to launch and land. Even though their methods of taking off are different, they
are able to stay in the air a lot longer as a result of their ability to glide, can hold more payload weight, and have improved
overall power efficiency [1]. Fixed-wing UAVs can be used for many different missions including, data gathering, rescue
and currently different organizations have begun to use them for delivery since they are capable of flying longer, higher
and faster [2]. They offer a smooth transition of autonomous flight control design from theory to practice in addition to
providing a proper solution in locations with difficult access or unsafe to human life. However, the lack of a human pilot
on board implies that the fixed-wing UAVs rely on automation to navigate or to avoid obstacles.

Fixed-wing UAVs are very susceptible to external disturbances such as winds and gusts due to their low velocities,
small mass and moments of inertia [3]. Therefore, advanced methods are needed for the control system of fixed-wing
UAVs. In this paper LQR, LQG with Kalman Filter and nonlinear control methods are presented. The LQR and LQG
controllers are widely applied in feedback control of industrial processes [4]. They are described with their simple struc-
ture and principle providing great performance.
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The fixed-wing UAV motion can be categorized into longitudinal and lateral motion resulting in two main types
of control: longitudinal control and lateral control. For longitudinal control, elevator plays its role in controlling longitu-
dinal motion and pitch while for lateral control, aileron and rudder perform their role in controlling lateral motion [5].
In this work a design of an autopilot that controls the pitch angle of a fixed-wing UAYV is presented.

1. Flight dynamics of a fixed-wing UAV

To address the problem of designing an autonomous flight controller for a fixed-wing UAV (figure 1), first an
accurate nonlinear dynamic model of the vehicle needs to be derived. A nonlinear model of the fixed-wing UAV is gen-
erated from first-principles modeling approach [6]. The UAV models are developed with medium-complexity based on
only basic flight dynamics.

Body-fixed

coordinate system

Inertial
coordinate
system

Fig. 1. Coordinate systems and parameter definitions

1.1. Equations of motion

The nonlinear equations of motion for the fixed-wing UAV are obtained from Newton’s Second Law along with
Euler’s rotational [7]. The UAV flight dynamics are simulated using the following mathematical models describing the
UAV 6DOF (Degree of Freedom) equations of motion:

u=rv—qw—gsind + X, /m;
v =pw —ru + gcosfsing + Y, /m;
W = qu — pv + gcospcost + Z, /m;
p = (Ixzf' - (Izz - Iyy)qr + Ixzpq + L)/Ixx’
q = (_(Ixx - Izz)rp - Ixz(pz - r2) + M)/Iyy;
r= (Ixzp - (Iyy - Ixx)pq - Ixzqr + N)/Izz;
¢ = p + tanB(gsing + rcose); 1
6 = qcos¢ — rsing;
Y = sec(gqsing + rcose);
x =ucOcy + v(spslcyp — cpsy) + w(cpsOcy + spsy);
y = uclsyp + v(spslsy + cpcy) + w(cpsosyp — spcy);
Z = —usl + vsych + weych,

where C = €0S,S = SIiN, M is mass of the aircraft, U, ¥ and W are forward, sideway and vertical velocity (m/s), D,

q and T are roll, pitch and yaw rate (rad/s), (2,6 and 1 are Euler angles (rad), X, ¥ and Z are north, east and down

position (X,Y,Z-axis), Ly, Lyx, Iyy and [, are rolling, pitching and yawing moment of inertia, X, Y3, and Z}, are

aerodynamic forces along the different body axes and L, M and N are aerodynamic moments about the center of gravity.
1.2. Fixed-wing UAV aerodynamic data

The aircraft data used in this study and analysis corresponds to that of a fixed-wing Ultra Stick 25¢ UAV (figure
2) developed at the University of Minnesota [8], is given in Table 1.

Bbinyck #2, 2019



COBPEMEHHAA HAYKA W MHHOBALIWK

Fig. 2. Ultra Stick 25e Fixed-wing UAV

Tablel
Stick 25e UAV specifications
Property Symbol Value Units
Mass m 1.959 kg
Wing Span b 1.27 m
Wing Area N 0.31 m?
Mean Aerodynamic Chord c 0.25 m
Lift Coefficient Cr, 4.58 -
Trim drag coefficient Cq, 0.0434 -
Oswald efficiency factor e 0.75 -
Stall speed Vinin 10 m/sec
Maximum speed Vinax 25 m/sec

2. Linear Model

The nonlinear dynamic model of the fixed-wing UAV needs to be linearized before applying the optimal control
techniques. For controlling the pitch of the fixed-wing UAV, it is mandatory to use only the longitudinal equations of

motion, therefore the derived linear model for Ultra Stick 25e¢ UAV is given as decoupled longitudinal dynamics.

2.1. Longitudinal equations of motion
The longitudinal nonlinear equations of motion are derived by applying Newton’s Laws of motion (figure 3)
which relate to the summation of the external forces and moments to the linear and angular accelerations of the system

or body [9].

gk Cosif

s
Zby | Weight

Fig. 3. Pitch control system of the fixed-wing UAV

The longitudinal dynamics are described by states 4;,,, = [U, W, q, H]T. The forces X and Z, and the moment

M are assumed to be linear functions of 4, W, g, 0 and the elevator deflection Je, resulting in the following:

Bbinyck #2, 2019

Xion = Alonxlon+Blon663

)



COBPEMEHHAA HAYKA W MHHOBALIWK

Xy Xo Xq—W, —gcosb.1ru Xs,
Ky, = Zy Zy Zg+U, —gsinf.||w + Zs, [5.,]; 3)
M, M, M, 0 q| |Ms,
0 0 1 0 0 0
u —0.38 0.60 —0.36 —9.80]ru —0.36
w —-098 -7.81 15.32 —0 21| |w —3.62
= . 4
q 0.18 —8.31 —35 21 lq + —106.32 (8. ] @)
0 0 0 0 0

The terms W,, U,, and O, represent the trim condition. Coefficients in the Aj,, matrix
Xy Xw» Xq, YA Zq, M,, M,, and Mq) are the stability derivatives, and the B}, matrix (X5e, Z5e, M5e)
holds the control derivatives.

3. Flight controllers design

In this section, we describe LQR (figure 4) and LQG (figure 5) controllers that have been designed for the control
of fixed-wing UAV.

|
X=Axr+Bu I‘
)r\ i 7 , , _y> |
j=Ct Du | Kgfglem Plant J
| ™ rier -‘U_.l —

L GG Regulator

Fig. 4. Architecture of LQR control system Fig. 5. Architecture of LQG control system

3.1. Linear Quadratic Regulator (LQR)

Linear Quadratic Regulator (LQR) approach is a well-known powerful control system design method for linear
time-invariant (LTI) system that provides practical feedback gains [10]. LQR is an optimal control technique that gives
the best possible performance with respect to some given performance measure [11]. The LQR design problem is to design
a state feedback controller K such that the objective function J is minimized.

For the derivation of the linear quadratic regulator, we assume the plant to be written in state-space form as

x = Ax + Bu; (5)
y =Cx + Du; (6)
with a quadratic cost function defined as
] = f (xTQx + uT Ru)dt )
0

where () and R are the weight matrices. (J is required to be positive definite or positive semi-definite symmetry matrix
(Q = 0)and R is required to be positive definite symmetry matrix (R > 0). The feedback control law that minimizes
the value of the cost function is given by = — KX, where K is written as
K=R'BTP (8)
InMATLABK = lqr (A, B, Q, R). And P is found by solving the continuous time Algebraic Riccati Equa-
tion (ARE)
PA+ ATP+Q —PBR™'BTP =0 )
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3.1.1. Simulation and results
LQR is designed in Matlab and in order to determine the value of gain control K, it is necessary to choose the

values of weighting matrix (J and R in longitudinal motion of Ultra Stick 25e given as:

05 0 0 0
0 01 0 O
= = 10
Q 0 0 o0 0,R 1 (10)
0 0 01

Gain control is obtained as
K =10.1252 —0.0771 — 0.0760 — 1.8131] (11)
In this work, we want to control the pitch angle of the fixed-wing UAV from the initial value of 0.4 seconds to
the final value of 0.6 radians in a short amount of time as it is shown in figure 6.
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Fig. 6. Step input

The results of the pitch angle obtained with LQR controller without disturbance shows that there is a large over-
shoot and steady state error as it can be seen in figure 7.

08

Reference | |
= Pitch angle
07 &

0.6 U\/—f
0.5 1

ad)

01f

! | | | !
0 5 10 15 20 25 30
Time(s)

Fig. 7. Pitch angle output with LQR controller

In order to obtain the desired output, it means zero steady state error and to reduce the overshoot; a transfer
function and an integral action are included in the LQR controller. The result obtained can be seen in figure 9.
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Fig. 8. Pitch Angle output with LQR controller and Transfer function

There is a considerable reduction in the overshoot and steady state error by applying the Integral LQR controller.

3.2. Linear Quadratic Gaussian(LQG)

Linear Quadratic Gaussian controller is a combination of LQR with Kalman Filter, it is better to reject noise and
plant disturbances like sensor noise and wind gust. The LQG controller gives a much stable and robust response for the
system [12].

To design LQG regulators and integral actions, you perform the following steps [13]:

¢ Construct the LQ-optimal gain.

¢ Construct a Kalman filter (state estimator), which is an algorithm that estimates the state of a system from
measured data.

¢ Form the LQG design by connecting the LQ-optimal gain and the Kalman filter.

By defining, a continuous-time process and measurement model is as follows:

x = Ax + Bu + Gw; (12)
y =Cx + Hw + v, (13)

where X is the state vector, U is the control input vector, V is the measured output vector, W is the process noise vector

and V is the measurement noise vector affecting the sensors data acquisition. The matrices A (state matrix), B (control
input gain matrix), G (plant noise gain matrix), C (measured state matrix) are all Linear Time Invariant (LTT).

The LQG regulator consists of an optimal state-feedback gain K. and Kalman state estimator K. The regulation
performance is measured by a quadratic performance criterion of the form

] = fooo(xTQx + 2x"Nx + uTRu)dt, (14)

where 0, R and N are weighting matrices.

As for pole placement, the LQ-optimal state feedback 4 = — KX is not implementable without full state meas-
urement. However, we can derive a state estimate X such that U = —K X remains optimal for the output-feedback prob-
lem. This state estimate is generated by the Kalman filter

d .
Eﬁ=A55+Bu+L()7—C£—Du) (15)
with input U(controls) and y(measurements). The noise covariance data
Eww") = Q,, E(vv") = R,, E(wvT) = N, (16)

determines the Kalman gain L through an algebraic Riccati Equation.
The Kalman filter is an optimal estimator when dealing with Gaussian white noise. Specifically, it minimizes the

asymptotic covariance of the estimation error X — X.
lim E((x — 2)(x — 2)T). (17)
t—oo
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3.2.2. Simulation and results

This simulation was done in Matlab/Simulink. The state weighting matrices J,R and N in longitudinal motion
of Ultra Stick 25e fixed-wing UAV are:

1 0 0 0
¢= 8 001 001 S’RZB (ﬂ’N:O' (18)
0 0 0 1
The gain matrix of state feedback controller K. is obtained as
K, = [0.7(5)377 0.0384 —0.3069 —4.?6734]. (19)

Evaluate the Kalman filter gains K, , the process noise W and measurement noise, ¥ are white Gaussian random
sequence with zero mean. Kalman filter is an optimal estimator when dealing with Gaussian white noise.

1 0 0 0
01 0 0 001 O
= = 20
w=lo o1 of*=l0 ooil 20
0 0 0 1
The Kalman Filter gain is obtained as
16.8077 —0.3846
—0.3846 4.5186 @1

e~ | 01048 -03116|

—9.9978 0.1439
The pitch angle output with LQG controller with disturbance can be seen in the figure 9.
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Fig. 9. Pitch angle output with LQG controller with disturbance

The response of the system obtained shows that there is a minimal overshoot and zero steady state error. How-
ever, LQG controller has good disturbance rejection ability and the fixed-wing UAV moves smoothly and faster than it
does with LQR controller without disturbance as it is shown in figure 8.

4. Nonlinear Model

It requires a mathematical presentation of the system dynamics analytically as a set of differential equations in
the form of strict-feedback systems in order to develop a nonlinear control system for a fixed-wing UAV.

The longitudinal dynamics are described by states 4;,,, = [U, W, q, Q]T. The forces X}, and Y}, and the mo-

ment M are assumed to be nonlinear functions of U, W, q, 6 and &€ the control input vector where Oée is the elevator
angle. The nonlinear equations of motion of the fixed-wing UAV longitudinal dynamics are the following:

U =rv—qw—gsind + X/m; (22)

W = qu — pv + gcospcost + Z/m; (23)

q= (_(Ixx - Izz)rp - Ixz(pz - rz) + M)/Iyy5 (24)
6 = qcos¢p — rsing, (25)
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4.1. Simulation results

In this section, simulation results of the nonlinear controllers in Matlab by using Ordinary Differential Equations
(ODEs) method are presented. The simulation model is composed of nonlinear equations (22)-(25), and the aerodynamic
model of Ultra-Stick 25e fixed-wing UAV, developed at the University of Minnesota.

Figure 10 shows state variables such as forward and vertical velocity (U, V), pitching moment (§) and pitch
angle (0). The pitch angle output obtained corresponds to our desired response; fast rise time, zero steady state error and
no overshoot. The nonlinear controller response is faster, more stable and more robust than LQR and LQG controller’s

responses (figure 8 and figure 9).
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Fig. 10. Longitudinal dynamics responses for nonlinear model

5. Conclusion and future work

The Pitch control of a fixed-wing UAV is a system which needs a pitch controller to keep the angle at it desired
response. And this can be achieved by reducing the error signal which is the difference between the output angle and the
desired angle. Simulation study has been done in Matlab/Simulink environment and showed that LQR, LQG and
nonlinear controllers are capable on controlling the pitch angle of the fixed-wing UAV successfully. LQG controller with
disturbance produced better pitch angle response and LQR controller gave a better performance without disturbance;
however, nonlinear controller produced greater desired response compared to LQR and LQG controllers. There was a
significant result by using the nonlinear control method; it provided a very good following to the pitch angle output. We
can conclude that the nonlinear control method is faster, smooth, more stable, reliable and more robust.

In the future work, we will design a control of the lateral flight dynamics on a fixed-wing UAV in the presence
of strong winds such as wind gust and wind shear. A method for estimating the intensity and the direction of the wind
will be explored and the navigation strategy will be adapted accordingly.
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